Introduction, the Index Function
The index function plays an essential role in the study of invariant subspaces of Banach spaces. (For example, see an extensive study in [2] for index 1 invariant subspaces in Banach spaces of analytic functions.) In this article we generalize and extend the results obtained in [3] , utilizing new proving techniques, deriving algebraic properties of the index functions. Moreover, we provide new results that are applied in Bergman space theory. Amongst others, and as a corollary to our main result, we show that if
In the sequel we denote with I an index subset of , and with  X a Banach space. 
To prove ( ), consider the following sequence
x y  and denotes the equivalence class in the appropriate quotient module. We claim that the sequence above is exact.
[ ] 
For its proof we first show that f and g are well-
, and
Moreover, g is a homomorphism, since
g r x y g rx ry r x y rx ry r
  R
It remains to show that ker g = im f . For this let
. The proof of the claim is complete.
Since A A B    is a free module, it is in particular projective, and hence the above exact sequence splits (see [4] ). Therefore
The above equation immediately implies ( ). Now since finite intersection and finite sum of free submodules of A , are also free submodules of A , a standard use of Mathematical Induction concludes the proof of the theorem.
As every vector space is free over its ground field, the following is an immediate consequence of the above theorem.
Corollary 2.1. If X is a Banach space and an operator on
In the case where is a bounded below operator, like the shift operator on Banach spaces of analytic functions, the following, which is the fundamental lemma of this article, holds.
Lemma 2.1. . We find that
is a bounded below operator, its range is closed (see, e.g., [5] , Proposition 6.4, chapter VII), and henceforth the second to last expression as the sum of a closed and a finite-dimensional subspace, it is closed.
we obtain that the last inclusion in above relations is actually an equality.
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From this it follows that
   1 1 = . ind M N dim M N ind M ind N         ind M N    , Lat S X   ,
Lat S X
Now, since the closed span of a finite number of elements in is an element of , the proof of (1) follows by mathematical induction.
2) To prove that the equality in 1) can actually occur let us assume that
and that contains an invariant subspace M with index . Without loss of generality let
At first we assume that
, and . As in the proof of part 1) there is an dimensional subspace . Then 
Similarly we see that for and that 
Finally if and
. So suppose that that there is some such that j . Since 
If
is a bounded below operator on X the following is true:
